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Effect of Buoyancy on the Free Surface Flow Past a 
Permeable Bed 
N. Rudra iah  and R. Veerabhadra iah ,  Banga lore  ( India)  
Abst rac t .  Laminar  s teady  f ree  sur face  f low hav ing  one  permeab le  bound ing  wal l  is invest igated  in the presence  
of buoyancy  fo rce .  The  exper imenta l  resu l ts  of Ra jasekhara  [I]  were  found to be  in good  agreement  w i th  our  
theoret ica l  resu l ts  based  on  a mode l  wh ich  admi ts  s l ip -ve loc i ty  at the porous  mater ia l .  The  effect of buoyancy  
fo rce  is to inc rease  the ve loc i ty  d is t r ibut ion  in the ease  of g reater  heat  add i t ion  (No > 0) and  to decrease  it 
by  a greater  coo l ing  (No < 0) .  As  a result ,  the mass  f low rate inc reases  and  the fr ict ion factor  decreases  for 
No  > 0 and  the oppos i te  is t rue  for No  < 0. We fur ther  f ind that the effect of buoyancy  fo rce  on  the tempera -  
tu re  d is t r ibut ion  is to inc rease  its magn i tude .  In par t i cu la r ,  we  find that the rate of heat  t rans fer  at its no -  
mina l  sur face  is inc reased  in the case  of heat ing  (No  > 0) of f low.  
Auf t r ieb  und  W/ i rme i iber t ragung an  laminar  para l le l  angest rSmten  Ober f lgchen  por6ser  K6rper  
Zusammenfassung.  D ie  laminare  S t rSmung ent lang  por6ser  Grenz f l / i chen  w i rd  in Anwesenhe i t  yon  Auf t r iebs -  
kr$iften theoret i sch  untersucht .  D ie  Ubere ins t immung zwischen  Theor ie  und  Exper imenten  von  Ra jasekhara  [I ] 
ist dann  gut, wenn St r6mungsg le i tung  an  der  por6sen  Ober f lg iche  vorausgesetz t  w i rd .  D ie  Auf t r iebskr / i f te  e rh6-  
hen  die Geschwind igke i t sver te i lung  bei Wi rmezufuhr  (No > 0) und  ver r ingern  sie bei K i ih lung (No < 0) .  Im 
ers ten  Fa l l  e rh6ht  s i ch  der  Massenf luB  bei abnehmenden Widers tandsbe iwer t  (No  > 0) .  Umgekehr te  Verhg l t -  
n i sse  l iegen fdr  No  < 0 vor .  Insbesondere  stellt s i ch  heraus ,  dab  der  W~rmei ibergang mi t  s te igender  Erw~i r -  
mung der  S t r6mung zun immt .  
Symbo.l,s N o 
k 
u = the ve loc i ty  <r 
T = the ent rance  temperature  c~ 
T ~ = the temperature  of fluid ~1 
Q = the Darcy  ve loc i ty  x, y 
p = the dens i ty  of fluid h 
= the v i scos i ty  of fluid Re  
= Buoyancy  parameter  
= the permeab i l i ty  of porous  med ia  
h/'~ 
= the slip parameter  
= y /h  
= car tes ian  coord inates  
= the depth  of f l ow above  the bed  
= 2uh/v  the Reyno lds  number  
I In t roduct ion  
A common techn ique  in chemica l  indust ry  for obta in -  
ing extended sol id- f lu id interfacial  a reas  o r  good  fluid 
mix ing  is to pass  the fluid th rough and  past  a bed  of 
sol id  par t ic les .  Such  sys tems as  pebb le  type of heat  
exchangers ,  packed  filters, packed  absorpt ion  and  
disti l lation towers  depend on  this techn ique .  The  de-  
s ign  of these  units is based  upon the mechan isms of heat  
and  mass  t rans fer ,  fluid f low, and  pressure  drop  of 
a fluid percu la t ing  through a porous  bed.  In these  
cases  the heat  t rans fer  is very  sens i t ive  to the bound-  
a ry  layer  that deve lops  just at the nomina l  sur face  
[2].  The  ava i lab le  l i te rature  [3] shows  that much 
attent ion has  not been  g iven  to the theoret ica l  deve l -  
opment  of the boundary  layer  that ex ists  e i ther  at the 
nomina l  sur face  or  at the r igid sur faces  bound ing  a 
porous  bed.  The  purpose  for this s tudy  is to deve lop ,  
us ing  the no-s l ip  boundary  cond i t ion  of Beavers  and  
Joseph  [2] (here  after ca l led  B J)  a theoret ica l  mode l  
for obta in ing  the rate  of heat  t rans fer  between the 
fluid and  the nomina l  sur face .  The  requ i red  boundary  
layer  equat ion  for f low is d i scussed  in sect ion  2 be -  
low.  
Recent ly  Ra jasekhara  [I]  has  invest igated ,  both  
theoret i ca l ly  and  exper imenta l ly ,  the f low past  a po -  
rous  bed  wi th  f ree  upper  sur face  neg lec t ing  the buo-  
yancy  effect. The  work  of Ra jasekhara  [ I ]  is con-  
nected  on ly  w i th  the measurements  of f l ow (see  sec -  
t ion 3 be low)  and  not  on  the determinat ion  of rate  of 
heat  t rans fer  between the fluid and  the nomina l  sur -  
face.  He  found a dev ia t ion  between his exper imenta l  
and  theoret i ca l  resu l t s  in the mass  f low rate.  Th is  
dev ia t ion  may be  due  to assuming  the f ree  sur face ,  
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in the analyt ica l  eva luat ion  of mass  f low rate, as  ho -  
r izontal  and  neg lec t ing  the effect of buoyancy .  Spar -  
row et. al [4] and  Gill and  Caso l  [53 have  shown,  in 
the absence  of porous  bed ,  that even  in the  case  of 
para l le l  f l ows  the buoyancy  fo rce  s igni f icant ly  af fects 
the f low field. To  demonst ra te  whether  this is t rue  
a l so  in the case  of porous  beds  we cons ider  in this pa -  
per  the effect of buoyancy  fo rce .  Fur ther ,  s ince  we 
are  dea l ing  w i th  f ree  sur face  f low, the fluid has  to be  
t reated  as  hav ing  an  unknown upper  boundary  as  f ree  
sur face .  Th is  f ree  sur face  makes  the prob lem much 
more  in t rac tab le  and  progress  is o f ten be  made under  
cer ta in  approx imat ions .  In this paper  we  try to f ind 
exact  so lu t ions  under  the approx imat ion  that the s lope  
of the f ree  sur face  is everywhere  smal l  compared  w i th  
unity. We f ind that our  theoret ica l  resu l t s  a re  in good  
agreement  w i th  the exper imenta l  resu l t s  of Ra jasek -  
hara  [ I]  and  thus  va l id idates  the assumpt ions  made 
above .  
2 Mathemat ica l  Formulat ion  of the Prob lem 
A phys ica l  mode l  is shown in F ig .  I wh ich  cons is ts  of 
an  infinitely long  channe l  one  of whose  bound ing  wa l l s  
is a natura l ly  permeab le  bed  wh i le  the o ther  boundary  
is a f ree  sur face  y = h(x )  wh ich  var ies  smooth ly .  
For  concreteness ,  the f low reg ime is d iv ided  into two  
zones .  The  reg ion  above  the porous  bed  is ca l led  
"zone  I" and  is governed  by  the Nav ier -S tokes  equa-  
tion. Be low the nomina l  sur face ,  inthe permeab le  
bed,  the reg ion  is ca l led  "zone  2" and  the f low is 
governed  by  the Darcy  law wh ich  is the statistical 
average  of the mod i f ied  Nav ier -s tokes  equat ion .  The  
axial  and  t ransverse  coord inates  are ,  respect ive ly  
x and  y, the latter be ing  measured  ver t i ca l ly  up-  
wards  f rom the  porous  bed .  The  f ree  sur face  is re -  
p resented  by  the curve  y : h (x )  where  h (x )  is con-  
t inuous  and  pos i t ive  for all x. 
2.1 Bas ic  Equat ions  
To  obta in  the bas ic  equat ions ,  we  make the fo l low ing  
approx imat ions  : 
(i) The  f low in the zones  is s teady  and  is d r iven  
by  a common pressure  grad ient  -~x and the buoyancy  
bT' 
fo rce  b-~-- " 
Free surface / ---------___ 
- biT' I 
bx I 
-u  L 
Op h(x) 
bx I 
: ' - . . ,~ . .  -'. . POROUS BED- - "  , ,  , ' : , ' : " ' .  
%'<.;:/:i: <; }. 5 ;.: .4 ; .:. 7: }!; .-. :. :.. :- :..: i,} 
F ig .  I. Phys ica l  mode l  
(ii) The  fluid is v i scous  and  sat isf ies the Bous -  
s inesq  approx imat ion  wh ich  means  that f luctuat ions  
in dens i ty  occur  p r inc ipa l ly  as  a resul t  of  thermal  
ra ther  than  pressure  var ia t ions  wh ich  is va l id  in the 
case  of fluid cons idered  in this paper .  
(iii) S ince  we cons ider  c reep ing  f low, the inert ia  
te rms are  negl ig ib le .  
(iv) The  porous  med ium is homogeneous  and  i so -  
t rop ic  so  that its permeab i l i ty  k is assumed to be  
constant .  We a lso  assume that the v i scos i ty  of the 
fluid is constant  a l though dens i ty  var ies  w i th  temper -  
a ture .  Th is  is because  we cons ider  Bouss inesq  f luids. 
Under  these  approx imat ions ,  the bas ic  equat ions  
of flow are: 
For  Zone I: 
bu bv 
+ ~__ : 0 (2 .1)  
oy  
v2u _ i ~p : o (2 .2 )  
bx 
vZv 1 - ~ ~y - ~g = o (2.3) 
p : Poll - 8(T' - T)] (2 .4)  
bT' bT' ] 
P0Cp u ~ + v -~-  : KV2T  ' + ~ (2.5) 
where  u and  v a re  the x and  y components  of ve lo -  
city, T is the ent rance  temperature  i .e. at x = 0, 
T' the temperature  of fluid, p thedens i ty ,  p thepres -  
sure ,  ~ the v iscos i ty ,  K the thermal  conduct iv i ty ,  
C the spec i f ic  heat  at constant  temperature ,  ~ the 
P 
thermal  expans ion  coeff ic ient,  P0 the dens i ty  at 
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T' =T ,  
2 
= 2~ ,-~! 
For  Zone  2: 
v2 b 2 b 2 
= ~ + - -  and 
bx 2 by 2 
1 + . 
k Qx = - (2.6)  bx 
k (~p + pg) (2 .7 )  
Qy: -E  by . 
where  Q and  Q are  the x and  y components  of x y 
Darcy  veloc i ty .  They  are  the components  of mean fil- 
ter  ve loc i ty  ra ther  than the components  of t rue  ve lo -  
city. 
It is of interest  to know that the ve loc i ty  compo-  
nents  g iven  by  (2 .6)  and  (2 .7)  a re  i r rat ional  under  
homogeneous  cond i t ions  and  hence  va l id  on ly  in the 
potential  f l ow reg ion  away f rom the nomina l  sur face .  
However ,  very  near  to it there  shou ld  be  a thin bound-  
a ry  layer  for  the ex is tence  of the slip ve loc i ty  at the 
nomina l  sur face  as  postu la ted  by  B J .  In this reg ion ,  
the ve loc i ty  shou ld  be  of the fo rm 
7 q = -v~ + Vx 
where the f i rs t  te rm on the r ight hand s ide repre -  
sents  the usua l  Darcy  te rm and the second term re -  
p resents  the rotat ional  veloci ty.  The  express ion  for  
this rotat ional  part  can  be  obta ined  by  cons ider ing  
the effect of d rag  due  to sol id mater ia l  of the porous  
med ia  on  the f low (see  Tam [6], Lundgren  [7]) .  In 
that case  the momentum equat ions  for  the f low through 
porous  med ia  are  
V2U _ h u + ! ~P = 0 (2 .8 )  
~ bx 
V2 v _ k v + ! bp - p_g : 0 (2.9) 
and the energy  equat ion  is 
KV2T , ooC p u-~-§  Zy- : "  (2 .10)  
Where  the v i scous  d iss ipat ion  te rms are  neg lec ted .  
As  s tated in the in t roduct ion  we cons ider  here  the 
so lut ions  of the above  equat ions  under  the approx i -  
mat ion  that the s lope  of the f ree  sur face  is every -  
where  negl ig ib le .  Th is  means  that if h (x )  represents  
the f ree  sur face  then  h' (x) is everywhere  smal l  
compared  w i th  unity. 
In this approx imat ion ,  Eqs . (2 .1 )  to (2 .10)  re -  
duce ,  at each  va lue  of x, approx imate ly  to the Eqs .  : 
Zone I : 
b2u 1 b_9_ 
by2 ~ bx (2.11) 
~P = - ~g (2 .12)  
by 
p = PO[1 - ~(T ' -T ) ]  (2 .13)  
bT ' b 2T ' bu 2 
PoCpU-~-  =K- -  + ~( -~)by2  (2 .14)  
From Eqs . (2 .11) ,  us ing  Eqs . (2 .12)  to (2 .13) ,  we  
get 
d3u  _ ~I  hi' (2 .15)  
dy3 ? bx 
where  7 = ~-- is the k inemat ic  v iscos i ty .  Th is  Equa-  
Pc 
t ion descr ibes  the fully deve loped f low on ly  when the 
left hand-s ide  is independent  of x. To  sat isfy this 
condi t ion,  we  assume that the temperature  var ies  
l inear ly  in the d i rec t ion  of f low. Phys ica l ly  this 
means  that the heat  flux is constant  in the d i rec t ion  
of f low. Mathemat ica l ly ,  this can  be  expressed  as  
T ' (x ,y )  = Ax + T(y)  (2.16) 
where  A is the axial  constant  temperature  grad ient  
w i th  A < 0 for  favourab le  thermal  g rad ient  and  
A > 0 for adverse  temperature  grad ient .  Eqs .  (2 .14)  
and  (2 .15) ,  us ing  (2 .16) ,  g ive  the momentum and 
energy  Equat ions  respect ive ly  in the fo rm 
d3u = A ~g = G 
dy 3 
P0CpAU =Kd2T----~' (du)  2 
dy2  § ~-~ 
Eq .  (2 .17)  may be  wr i t ten  in the fo rm 
d2~ =-G 
dy  2 
(2.17) 
(2.18) 
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du where  ~ = - ~-~ = vor t i c i ty  vector  in the d i rec t ion  of 
z -ax is .  This shows  that  the potent ia l  energy  ba lances  
with the d i ss ipat ion  of vor t i c i ty .  G may be pos i t i ve ,  
zero  o r  negat ive  depend ing  on the ent rance  tempera -  
tu re  of the f lu id.  If T' - T < O, then the temperature  
of the f lu id ( fo r  x > O) in the channel  is  less  than the 
ent rance  temperature  and the f ree  convect ion  cur rent  
f lows into the channe l .  Hence  G < O, cor responds  to 
the externa l  heat ing  of f low. S imi la r ly ,  G > O, cor re -  
sponds  to the absence  of f ree  convect ion  cur rents .  
For  Zone  2: 
The bas ic  Equat ions  away f rom the nomina l  sur face  
are  
Q = _k  bp (2 .19)  
bx 
bp + Pg = 0 . (2 .20)  
by 
The momentum Equat ion  very  near  to the nomina l  
sur face  now becomes  
~2u 1 1 ~p 
by2 - E u = ~ bx " 
(2.21) 
This  Equat ion  is usefu l  to determine  the boundary  
layer  th ickness  postu la ted  by  B J  in their  slip bound-  
a ry  cond i t ion  at the nomina l  sur face .  Eq .  (2 .11)  us -  
i ngEqs . (2 .20) ,  (2 .13)  and (2 .16) ,  takes  the fo rm 
d3u _ ~ d__/u = G 
3 k dy  dy  
(2.22)  
or  
d2{ - ~ = -G  . 
2 k 
dy  
Al though this Equat ion  is independent  of temperature ,  
to know the var ia t ion  of dens i ty ,  we  shou ld  determine  
the temperature  d is t r ibut ion  by  so lv ing  the energy  
equat ion .  For  un id i rec t iona l  s teady  f low, Eq .  (2 .18)  
takes  the fo rm 
d2T  ' = P0CpAU 
dy2 K 
(2 .23)  
where  P0Cp is the heat  capac i ty  per  unit vo lume of 
the fluid. 
2.2 The Boundary  Condi t ions  
For  Zone 1: 
Eqs . (2 .17) ,  (2 .18) ,  (2 .22)  and  (2 .23)  have  to be  
so lved  us ing  proper  boundary  cond i t ions .  Until  re -  
cent ly,  it was  genera l ly  assumed that the convent io -  
nal no -s l ip  ve loc i ty  boundary  cond i t ion  is va l id  at 
the porous  wa l l s  wh ich  leads  to the parabo l i c  ve loc i ty  
prof i le  in the channe l .  However ,  recent  exper iments  
of B J  and  Beavers  et al. [8] invo lv ing  laminar  f low 
of water  o r  oil in flat rec tangu lar  ducts  hav ing  one  
porous  wal l  demonst ra ted  the ex is tence  of a s t ream-  
w ise  s l ip -ve loc i ty  at the permeab le  bound ing  sur face  
and  proposed  that the boundary  cond i t ions  at the no-  
mina l  sur face  of the porous  med ium can  be  expressed  
as  
d__/u = ~(UB - Q)  (2 .24)  
dy  
where  c~ is a d imens ion less  constant  wh ich  depends  
on  the s t ructure  of the porous  mater ia l  and  not on  the 
geometry  of f low (see  Tay lor  [9])  and  u B is the 
s l ip -ve loc i ty .  The  ex is tence  of this s l ip -ve loc i ty  is 
connected  w i th  the presence  of a very  thin layer  of 
s t reamwise  mov ing  fluid just beneath  the sur face  of 
the porous  mater ia l .  The  fluid in this layer  is pu l led  
a long  by  the f low in the channe l .  The  effect of this 
ve loc i ty  slip is to cause  a skewing  of the main  f low 
ve loc i ty  prof i le  in the channe l .  When k -~ 0 (sol id 
wal l  ), Eq .  (2 .24)  tends  to the no-s l ip  boundary  con-  
dit ion u = 0. 
The  second boundary  cond i t ion  to be  va l id  at the  
f ree  sur face ,  in the absence  of de format ion ,  is that 
no  tangent ia l  s t ress  acts  at the f ree  sur face .  Th is  
leads  to 
u = u s at y = h . (2 .25)  
For  the th i rd boundary  condi t ion,  we  impose  that 
the pressure  grad ients  in the channe l  and  in the po-  
rous  bed  must  have  the same va lue  at the in ter face  
i .e. 
d2u Q 
dY 2 - -~-  at y = 0 . 
The boundary  cond i t ion  on  temperature  is 
(2 .26)  
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T' = T 1 at y = h (2 .27)  
which  means  that the  f ree  sur face  is ma inta ined  at 
a constant  temperature  T 1. The  o ther  boundary  con-  
dit ion on  temperature  is obta ined  f rom the bas ic  phy-  
s ical  cons iderat ion  of  heat  ba lance  for  an  e lement  at 
the nomina l  sur face .  The  heat  conducted  away  f rom 
channe l  th rough the nomina l  sur face  must  be  equa l  
to the  heat  absorbed  f rom the porous  med ium and 
hence  
bT' = he(T B _ TO ) K-~-- 
or  
bT' H(TB - TO) 
~y (2.2s) 
where  6 is the boundary  layer  th ickness  just be low 
the bed  and  we assume that this 5 is the same for  
both  ve loc i ty  and  temperature  d i s t r ibut ions .  S ince  we 
are  dea l ing  w i th  the ve loc i ty  of  f l ow much less  than  
the son ic  ve loc i ty ,  the  er ro r  in t roduced  by  this ap -  
p rox imat ion  is not  much .  The  boundary  cond i t ion  (2 .29)  
will enab le  us  to match  the ve loc i ty  d i s t r ibut ion  at the  
in ter face .  
3 Velocity Dis t r ibut ion  and Mass  F low Rate 
In this sec t ion ,  we  determine  the  ve loc i ty  and  the 
mass  f low ra te  for  zones  1 and  2, and  the va lue  of  
the  boundary  layer  th ickness  6. 
he~ 
where  H = ~ is the  B io t  number ,  h e is the heat  
t rans fer  coef f ic ient  f rom the porous  med ium into the 
channe l ,  T B is the  temperature  at the  in ter face  and  
T O is the  ambient  temperature  of  the  porous  me-  
d ium.  Phys ica l l y ,  H represents  the ra te  of  heat  loss  
th rough the channe l  re la t ive  to the  conductors  in the  u 
porous  media .  If H is la rge ,  then  the in ter face  must  u 
be  a nomina l  sur face  in o rder  to supp ly  the  heat  lost 
f rom the  porous  med ia .  If H is smal l ,  then  the  heat  
losses  a re  smal l  and  the in ter face  is rea l ly  the f ree  
boundary .  In o ther  words ,  H is the  cont ro l l ing  para -  
meter  because  of its re la t ion  to the  over  all thermal  
ba lance .  S ince  the boundary  cond i t ion  (2 .24)  is based  
on  the assumpt ion  of  the  nomina l  boundary  ( see  B J  ), where  
H has  to be  la rge  in our  ana lys i s .  
For  Zone  2: 
The  cor respond ing  boundary  cond i t ions  a re :  
u = u B at y = 0 (2 .29)  
u = Q at y = -5 (2 .30)  
(2.317 
d2u -Q 
dy2 k at y = 0 
T' =T B at y = 0 (2.32) 
T' = T O at y = -5 (2 .33)  
3 .1  Ve loc i ty  D is t r ibut ion  
The velocity distribution i  zone I, solving the mo- 
mentum Eq. (2.17) subject to the boundary conditions 
(2 .24)  to (2 .26)  is 
413t ( l+f0) ( l+~) - -~(1 -~)2}+(3+3~r  
= [411+(2+3f0) (1+~)~+ (12+5~)N 0]  
6(~+f0)(1-~) 
1+3f 0 + NoFI(,) + UoF2(~) (3.1) 
2(1 -~) F l(~)=g0(l+3f0) {(1+--L~+~+~2)(1+3%)- 
- 3fl(n + f0)l, 
I 1+~~ - (1 -~)g1( , ) )  F2(~) = 6 (l+~r 
go = I + 3f 0 + N0f I , 
[-~ ( i +--~ + "n+~2) (l+3f0) +g0 (~+f0) ] f2 
gl(~) = g0 (I + 3f0) (go + U0f2) 
U0 _ 3+2~3ae NO+ 
2 2u 
2(~ +~)  +~ _ s 
2 ~e Qo "2 
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~+2~ 3+ee 3(2+cr162 
f0 = ~ ' f l  = ~ '  f2 = 1+0lr ' 
h y 
~-  , "q = , 
~ h 
Gh 3 ~Gh 
NO - - Qcr2 - bp 
bx 
= Average velocity in the channel. 
h j h 2 
= 1 udy  = bp_ (1 + 3f 0 + N0f I + U0f 2) h 12~ bx 
0 (3.2) 
The r ight -hand s ide  of (3 .2 )  is  exact ly  the same 
as Ra jasekhara  [1]  when N O = 0. The s l ip -ve loc i ty  
u B is  g iven  by 
u B 12[l(l+fo,)(l+c~ )-olv} +N O ] 
- -  = 
[4 t1+ (2+3f0) ( l+vccr )  ~+ (12+5ote)N  0] (3 .3 )  
The s l ip -ve loc i ty  ra t io  (3 .3 )  var ies  with the  chan-  
nel  he ight  h, inc reas ing  as  h decreases ,  i .e .  in -  
c reas ing  with decreas ing  va lues  of ~. It is  of in ter -  
es t  to note  that  when N O is  negat ive ,  the  s tagnat ion  
po in ts  occur  in the  channe l  for  var ious  va lues  of N O 
as shown in Table 1. 
No stagnation point occurs for positive values of 
N O (i. e. heating of nominal surface with favourable 
temperature gradient ). 
The velocity distribution in zone 2, solving Eq. 
(2.22) using the boundary  conditions (2.29) to (2.31) 
is 
u= (u B +Q) -QCosh~+ S inh~r  [u B -QCosh6~ - 
S inh 6~r 
- QN0 6~] +QN0~ (3 .4 )  
5 where  6 ~ = ~ i s  the  re la t ive  boundary - layer  th ick -  
ness .  We know that  at  the  edge of the  boundary  layer ,  
the  shear  has  to be  zero  i .e .  at y = -5 ,  the  ve loc i ty  
tends  to the f ree  s t ream ve loc i ty  Q.  Us ing  th i s  and 
cond i t ion  (2 .24) ,  we obta in  the equat ion  for  6 in the 
fo rm 
-Q  Cosh  6~r - QN06~-  [oi(u B - Q) - U B 
l (3 .5 )  
QN0 ] 
~- Sinh 6~c~ =0 . 
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Tab le  1. S tagnat ion  po in ts ,  u = 0 fo r  va lues  of N O 
r 5.0  10 .0  
,q 
0.I 0.01 0.1 0.01 
N O 
-2 .04  -0 .58  -2 .02  -2 .002  0 .0  
-2 .02  -0 .57  -1 .99  -1 .998  0 .2  
-2 .03  -0 .57  -1 .93  -1 .991  0 .4  
-1 .95  -0 .55  -1 .87  -1 .981  0 .6  
-1 .92  -0 .55  -1 .83  -1 .974  0 .8  
-1 .91  -0 .53  -1 .81  -1 .971  1 ,0  
t.s 
o(=0.1 ,  NO=I 
06 
02 
-0.2 
-06  
-10  
~ =t00 
F ig .  2. Ve loc i ty  d i s t r ibut ion  
Th is  Equat ion  for  6 is  a t ranscendenta l  equat ion  and 
i s  d i f f i cu l t  to obta in  an ana ly t i c  so lu t ion .  S ince  the 
boundary  layer  th ickness  6 i s  very  smal l  compared  
to the width h of Sow,  neg lec t ing  squares  and  h igher  
powers  of 5", we obta in  
8 1 (3 6) ~*=~= 37" 
From th is ,  it is  c lear  that  as  ~ -* | ( i .e .  so l id  wa l l ) ,  
6 -* 0 as  requ i red .  The express ion  for  ve loc i ty  d i s t r i -  
but ion  fo r  f low through porous  bed,  f rom Eq .  (3 .4 )  
us ing  (3 .6 )  and (3 .2 )  is  
u UB 12(1 - Cosh~v - S inh~r  +NoR ) 
~ 2 
r go 
_ 12u0f2(1 - Cosh~r  - S inh~ + N0"q) (3 .7 )  
r  0 + Uof 2) 
To f ind qua l i ta t ive ly ,  the  ef fect  of buoyancy  fo rce  on 
the f low, Eqs . (3 .1 )  and  (3 .7 )  a re  numer ica l ly  eva l -  
uated  for  d i f fe rent  va lues  of ~ and  ~, and  i s  shown in 
F ig .  2. 
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3.2  Mass  F low Rate  
To find the quantitative effect of slip-velocity and buo- 
yancy force, it is useful to calculate the mass  flow 
rate in the channel with and without the porous bed. 
If M denotes the mass  flow rate per unit channel 
P 
width with porous bed, then 
M = 
P 
h 
~ pudy = puh 
0 
- 12~ ph3 ~-~bx (1 * 3f 0 + N0f 1 + U0f2)  . (3 .8 )  
On the o ther  hand,  for a channe l  bounded by  imper -  
meab le  wa l l s ,  the mass  f low rate  M i ,  is g iven  by  
M i ph3 ~P 1 + + 3 U 0 = - 12~ bx ~ " (3 .9 )  
There fore ,  we  have  
Mp = 2(1 + 3f 0 + N0f I + U0f2) 
M i 2 + N O + 6U 0 (3 .10)  
When N O = 0, then  
M 
P = 1 + 3(~ + o') 
M, 2 
1 Of O' 
which  is the resu l t  of Ra jasekhara .  F rom Eq .  (3 .10) ,  
we observe  that the mass  f low rate  can  be  s topped 
for  va lues  of N O g iven  by  
1 + 3f 0 + U0f 2 
NO = - f l  (3 .11)  
For  example ,  when ~ = 10, ~ = 0 .1 ,  Eq . (3 .11)  g ives  
N O = -1 .90 .  
The f ract iona l  inc rease  in mass  f low rate  th rough 
the channe l  w i th  a permeab le  lower  wal l  over  what  it 
wou ld  be  if the wal l  were  impermeab le  is 
3( r  + 2ol )  (~ + 6~)N0 + 12( r  3~)U0 
= r162 - "~ ' ( I+~g) (2+N0+6U0)  
From this it fo l lows  that ~ takes  the va lue  
2 (3  + N O + 3U 0) ] / 2 
2 + N O + 6U 0 when r : V NO 
1 + --~- + U 0 
i ndependent  of cr and  this occurs  when u B = Q i.e. 
when the s l ip -ve loc i ty  ba lances  w i th  Darcy  ve loc i ty  
w i th in  the permeab le  mater ia l ,  and  hence  the  ve loc i -  
ty prof i le  in the channe l  has  a zero  grad ient  at the 
permeab le  wal l .  In this par t i cu la r  case ,  there  is no  
boundary - layer  th ickness  just beneath  the permeab le  
bed .  In most  app l i ca t ions ,  h will be  cons iderab ly  
2k . It is poss ib le  there fore ,  g reater  than  NO 
1 + --~-- + U 0 
that  for  va lues  of cr g reater  than  NO , the  
+-~-  + U 0 
average size of the individual pores within the mate-  
rial is at least  equa l  to the he ight  of the channe l ,  and  
the assumpt ion  of rec t i l inear  f low in the channe l  b reaks  
down.  M 
The  ratio ~ g ives  the effect of porous  bed .  How-  
I 
ever ,  to f ind the effect of buoyancy  on  the f low, we  
def ine  the  rat io 
Mp = 1 + f lN0  
Mp0 1 + 3f 0 + U0f 2 " 
Where  
: ph3 ~P (1 + 3f 0 U0f 2) 
Mp0 - 12~ bx + 
is the mass  f low rate, in the absence  of buoyancy  
fo rce  (i.e. N O = 0).  Th is  shows  that the presence  of 
buoyancy ,  inc reases  the mass  f low ra te  for pos i t ive  
va lues  of N O and  tends  to a constant  va lue  for la rge  
va lues  of r and  decreases  for negat ive  va lues  of N 0. 
In par t i cu la r ,  this will be  zero  ( i .e.  mass  f low rate  
can  be  s topped)  for the va lues  of N O g iven  by  Eq .  
(3 .11) .  Th is  va lue  of N O is d i f ferent  for  d i f ferent  
va lues  of c~ and  ~, as  shown in Tab le  2. 
Tab le  2. 
M 
P 
M 
Pc 
= 0, for  d i f fe rent  va lues  of No 
5.0 10.0  
0 .1  0 .01  0 .1  0 .01  
N O -1 .891  -1 .99  -1 .90  -1 .98  
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3 .3  F r i c t ion  Factor  
The  above  theory  is app l i cab le  on ly  for laminar  f low. 
There fore ,  it is of in terest  to find the Cr i t ica l  Rey-  
no lds  number  at wh ich  t rans i t ion  f rom laminar  to 
tu rbu lent  f low occurs .  To  identi fy the breakdown of 
the laminar  reg ion  for  a f ixed  s l ip -ve loc i ty  rat io 
character i sed  by  a f ixed va lue  of r we  use  the fr ic-  
t ion fac tor  C f  de f ined  by  
cf 1 -2 (3.12) 
-~u 
where  D = 2h. This ,  us ing  (3 .2 ) ,  becomes  
96 (3 .13)  
(C fRe)p  = 1 + 3f 0 + N0f  I + U0f 2 
uD where  Re  = - -  is the Reyno lds  number  for the f low.  
? 
Th is  shows  that (C fRe)p  decreases  for pos i t ive  va l -  
ues  of N O and  increases  for  negat ive  va lues  of N O 
and  becomes  infinite for  the va lue  of N O g iven  by  
Eq . (3 .11) .  A l so  (C fRe)p  is constant  ( independent  
of Reyno lds  number )  for a channe l  of f ixed height ,  
f ixed N O for a g iven  porous  bound ing  wal l .  However ,  
the fr ict ion factor  for a sol id  wa l led  channe l  is g iven  
by  
96 (3.14) 
(C fRe)  i : NO 
1+ --'~- + 3U 0 
Thus  
N o 
(C~e)p  1 + -~ + 3U 0 
] - r  : 1 + 3f 0 + N0f  I + U0f 2 " 
(3 .15)  
If N O = 0, then  
(%Re)p  _ 1 
- 1 + 3(0/ + r 
2 
0l(y 
which  is the resul t  of Ra jasekhara  El i .  
Form Eq .  (3 .15) ,  we  observe  that this rat io in-  
c reases  w i th  an  increase  in c~ and  ~. It is of in terest  
to note  that a l though this rat io is independent  of the 
Reyno lds  number ,  it depends  on  the nature  of the 
buoyancy  parameter  N 0. The  rat io g iven  by  Eq .  (3 .13)  
becomes  zero  for  the va lues  of 
N O : - (1  + 3U0)2  
and  infinite for the va lues  of N O g iven  by  Eq .  (3 .11) .  
In o ther  words ,  the min imum or  max imum va lue  of 
Eq .  (3 .13)  occurs  on ly  for negat ive  va lues  of N O but 
it becomes  un i fo rm for pos i t ive  va lues  of N O 9 
3 .4  Mass  f low rate curve :  Compar i son  of theory  and  
exper iment  
Ra jasekhara  [ I ]  has  eva luated  exper imente l ly  the ef- 
fect of the slip at the nomina l  sur face  on  the f ree  f low 
past  a porous  bed .  H is  exper iments  cons is ts  of a rec t -  
angu lar  duct  bounded on  the two  s ides  and  be low by  
the r ig id p lates  and  is f ree  above .  Th is  mode l  is ex -  
act ly the same as  the one  used  by  Ra jasekhara  [ I0]  
in the invest igat ion  of p lane  Couet te  f low past  a po -  
rous  bed  except  that the upper  mov ing  p late is re -  
p laced  by  a f ree  sur face .  The  porous  med ium em-  
p loyed  in his exper iments  cons is ts  of a natura l  sand  
wh ich  passes  th rough 14 but re ta ined  on  18 B .S .  
s ieves  for wh ich  the ca lcu la t ion  of permeab i l i ty  is 
k = 1 .48  • 10-7cm 2 w i th  scat ter  of -+ 5 percent .  
He  has  measured  on ly  the mass  f low ra te  and  not the 
heat  f low rate and  found that the effect of the slip at 
the porous  bed  is to inc rease  the mass  f low rate and  
to decrease  the fr ict ion factor .  
In par t i cu la r  he  has  shown,  in the absence  of buo-  
yancy  force ,  that the rat io Mp/M i is independent  of 
the Reyno lds  number  and  found,  by  in t roduc ing  ex -  
per imenta l ly  determined  va lues  of Mp/M i, the va lue  
of c~ to be  0 ,01 .  When the exper imenta l  resu l t s  a re  
drawn on  the theoret ica l  va lues  of Mp/M i Ra jasek -  
hara  [I ] has  found some dev ia t ions  between them.  
Th is  dev ia t ion  may be  due  to the  neg lec t ion  of buo-  
yancy  fo rce  on  the f low.  To  br idge  the gap  between 
theoret i ca l  exper imenta l  resu l ts ,  we  have  ca lcu la ted ,  
in sect ion  3, the mass  f low rate  w i th  the buoyancy  
fo rce .  The  Mp/M i rat io g iven  by  Eq .  (3 .10)  in the 
presence  of buoyancy  fo rce  is numer ica l ly  eva luated  
for  d i f ferent  va lues  of c~, ~ and  NO,  and  are  com-  
pared  w i th  the exper imenta l  va lues  of Ra jasekhara  
[ l ] in  F ig .3 ,  for ~ = 0 .01 .  F romth is  it is c lear  that 
the theoret i ca l  resu l ts  a re  in exce l lent  agreement  
w i th  the exper imenta l  resu l t s  for  va lues  of N O = + 0 .5  
M 
and  we find that M ~ increases  w i th  inc reas ing  N O 9 
1 
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2,0 
Mp 
Mi 
1,15 
1.10 
1.05 
NoPe 2 3 3 5) (4 .2)  
+ ~  (c 0 + Cl~ + c2~ + c3~ - 
hU 
Pe = T ts the Pec le t  number ,  
1+ 4f 0 f l  27 + 7c~ 
a0 = I+~H ' b0 = I+Hr  ' Co = - ( l+c~c) ( l+~H)  
a I : crHa0, b 1 = cr ib0,  c I : cHc  0 
3 30 
a2  : 6 f0 '  b2 -  1+~ ' c2-  l+ar  
1.o I i 1 1 1 
2-0 4.0o_x10 -z 6.0 80  a 3 : 2 (1 - f0  ) ,  b 3 : ~ c~ob 2 ,  c 3 : ~ a'Gc 2 . 
F ig .  3. Mass  f low rate  compar i son  wi th  exper imenta l  
resu l ts  
The  c rux  of the present  ana lys i s  is the assumpt ion  of 
the boundary  cond i t ion  (2 .26) .  It is sat is fy ing to note  
that this assumpt ion  gets  va l id idated  in v iew of the 
c lose  agreement  between the theoret ica l  and  exper i -  
menta l  resul ts .  
4 Temperature  Dis t r ibut ion  
A l though the momentum Eq.  (2 .17)  is independent  of 
temperature ,  for completeness ,  we  present  the tem-  
perature  d is t r ibut ion for zones  I and  2. 
The  temperature  d is t r ibut ion for zone  I, neg lec t -  
ing v i scous  d iss ipat ion  te rms,  so lv ing  (2 .18) ,  us ing  
the boundary  cond i t ions  (2 .27)  and  (2 .28)  is 
e' (~, -~) : a~ + |  
where  
(4.1) 
T ' - T O AL 
| T I _T  0 , a -  T I _T  0 , L is the length of the 
channe l .  
X {=E 
| : I + r 
I+~H + 
Pe  2 3 
+'~'4- (a 0 + al  ~ + a2 ~ + a3~ _ 4 )  
PeU0 + 
+ ~ (b 0 + b l~ + b2~2 b3 q3)  
The  first te rm in Eq .  (4 .2 )  represents  the heat  
t ranspor t  due  to d i f fus ion and  the remain ing  te rms 
represent  the t ranspor t  of heat  due  to convect ion .  
When Pe  = 0 i.e. in the absence  of convect ion ,  Eq .  
(4 .2)  becomes  
| = 1 + cH~ (4 .3)  
1+oH 
This  shows  that as  H -~ ~ i.e. for a per fegt ly  conduct -  
ing permeab le  inter face,  
e( -~)  : ~ . 
However, when H = 0, i .e .  for insulating permeable 
interface 
| : ~ .  
The temperature  d is t r ibut ion for zone  2, so lv ing  
Eq . (2 .23) ,  us ing  the boundary  cond i t ions  (2 .32)  and  
(2.33)  is 
Pe 
9(~)  = (1 * o~)  |  + --~'-X 
O" 
x 
where 
l l - Cosh(~] - SinhG~] 21  
2 + a~ + a~ 
G 
(4 .5 )  
NoPe ~[b{~ b~l  2 1 3 U0Pe , . . g.~ ] .~(c{n  + c~'n 2) 
G 0- 
| - I+~H1 + ~Pe (15a  0 + C0No + 60b0U0 )
a l  ~ 2o§  1 
= --r + 4ot ( l+ar  + -~'~ ' b{ =z~a-2(l+zz), 
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F ig .  4. Temperature  d i s t r ibut ion  
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F ig .  5. Rate  of heat t rans fer  
c~ = 4a'(l+o~o') 
2 2 2 , 2+4c~+r  ~ 
In the absence  of convect ion  ( i .e .  Pe  = 0) ,  the 
temperature  d i s t r ibut ion  is  l inear  in ~ as  in the case  
of f low in the channel  and is g iven by (4 .3 ) .  Compar -  
ing the der ivat ive  of th i s ,  with the boundary  cond i t ion  
(2 .28) ,  we f ind that ~ = H. This means  that  when 
heat  is t ranspor ted  only by d i f fus ion,  the va lues  of 
wil l  depend on the va lues  of H. S ince H depends  only 
on the s t ruc ture  of the porous  med ia ,  we conc lude  
that  ~ depends  only on the s t ruc ture  of the porous  
mater ia l  and not on the geometr i ca l  conf igurat ion .  
Eq.  (4 .1 )  together  with Eq .  (4 .5 ) ,  represent  the 
temperature  d i s t r ibut ion  and is  numer ica l ly  eva luated  
for  d i f fe rent  va lues  of a,  ~ and NO, fo r  f ixed ~ and 
v, and are  shown in F ig .4 .  For  favourab le  tempera -  
tu re  grad ient  ( i .e .  bT -~ = A < 0) ,  a > 0, cor responds  
to the heat ing of the f ree  sur face  ( i .e .  T 1 - T O < 0) 
because  heat  f lows f rom the bed towards  the f ree  sur -  
face .  S imi la r ly  a < 0, cor responds  to the coo l ing  of 
the sur face  because  heat  f lows f rom the f ree  sur face  
towards  the  bed-  But a = 0 ( i .e .  bT _- 0) cor responds  
to the absence  of buoyancy fo rce  in which no heat  is  
t ranspor ted  by convect ion  and the heat  is  t ranspor ted  
only by d i f fus ion .  F rom F ig .4 ,  it is  c lear  that  when 
a = 0, there  ex is ts  a th in thermal  boundary  layer  just  
beneath  the  nomina l  sur face  with h igher  temperature  
in the f ree  f low compared  to that  in the Darcy  f low.  
However ,  when a / 0, w i th  N O > 0, heat  is t rans -  
por ted  both  by  convect ion  and  d i f fus ion and  F ig .  4 
shows  that the effect of convect ion  is to inc rease  the 
magn i tude  of the temperature  in the f ree  f low.  S imi -  
lar  conc lus ions  are  t rue  for N O < 0. 
F rom the techno log ica l  point  of v iew,  it is of in-  
terest  to know that the rate  of heat  t rans fer  q be-  
tween the f luid and the  nomina l  sur face  and we get 
q = -~ '~=0 
~H I Pe  NoPe 27 + 7 cr 
='I 'Tr  l - -2T( l+4f0) -  36-----6-- l + ~ -  
UoPe  ~ 1 
" - - -~  11 . (4 .6 )  
This q is  shown in F ig .  5, fo r  pos i t i ve  and negat ive  
va lues  of N 0. We observe  that  q decreases  l inear ly  
fo r  pos i t i ve  va lues  of N O and increases  for  negat ive  
va lues  of N O . 
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